Abstract. The aim of the present paper is to obtain the sharp bounds of the Hankel determinants H2(3) and H3(1) for the well known class SL * of starlike functions associated with the right lemniscate of Bernoulli. Further for n = 3, we find the sharp bound of the Zalcman functional for the class SL * . In addition, a couple of interesting results of SL * is appended at the end.
Introduction
Let A be the class of analytic functions f (z) = z + ∞ n=2 a n z n , defined in the open unit disk ∆. The subclass S of A consists of univalent functions. We say, f is subordinate to g, denoted by f ≺ g, if there exists a Schwartz function ω with ω(0) = 0 and |ω(z)| < 1 such that f (z) = g(ω(z)), where f and g are analytic functions. For each n ≥ 2, Zalcman conjectured the following coefficient inequality for the class S:
2 .
(1.1)
The above inequality also implies the Bieberbach conjecture |a n | ≤ n (see [4] ). Consider the class SL * [24] , given by
It is evident that if ω = zf ′ (z)/f (z), then the analytic characterization of the functions in SL * , is given by |ω 2 − 1| < 1, which in fact is the interior of the right loop of the lemniscate of Bernoulli, with the boundary equation γ 1 : (u 2 +v 2 ) 2 −2(u 2 −v 2 ) = 0. In 2009, Sokó l [22] obtained the sharp bounds for a 2 , a 3 and a 4 of functions in the class SL * , further it is conjectured that |a n+1 | ≤ 1/2n whenever n ≥ 1, with the extremal function f satisfying zf ′ (z)/f (z) = √ 1 + z n . Later, Shelly Verma [20] gave the proof for the sharp estimate of the fifth coefficient with the extremal function for SL * using the characterization of positive real part functions in terms of certain positive semidefinite Hermitian form. Sokó l [23] also dealt the radius problems for the class SL * . Recently, Ali et al. [2] have examined the radius of starlikeness associated with the lemniscate of Bernoulli. Some differential subordination results associated with lemniscate of Bernoulli is studied in [1, 13] .
The q th Hankel determinant for a function f ∈ A, where q, n ∈ N is defined as follows: This has been initially studied in [19] . This determinant has also been considered by several authors. It also plays an important role in the study of singularities (see [5] ). Noor [18] studied the rate of growth of H q (n) as n → ∞ for functions in S with bounded boundary. The computation of the upper bound of |H q (n)| for several subclasses of S has always been a trendy problem in the field of geoemteric function theory. Hayami and Owa [7] determined the second Hankel determinant H 2 (n) (n = 1, 2, . . .) for functions f satisfying Re(f (z)/z) > α or Re f ′ (z) > α (0 ≤ α < 1). Recently, Zaprawa [26] obtained the upper bound of |H 2 (n)| for the class T of typically real functions. Note that the Hankel determinant H 2 (1) := a 3 − a 2 2 coincides with the famous Fekete-Szegö functional. In the year 1983, Bieberbach [6] estimated the bound of |H 2 (1)| for the class S. The generalization of Fekete-Szegö functional is given by a 3 −µa 2 2 , where µ is either real or complex. The computation for the bound of |H 2 (2)|, where H 2 (2) := a 2 a 4 − a 2 3 requires the formulae of p 2 and p 3 [17] in terms of p 1 , where p ′ i s are the coefficients of the functions in the Carathéodory class P, defined by:
with Re p(z) > 0 in ∆. Recently, many authors have estimated the bound of |H 2 (2)| (see [3, [7] [8] [9] 16] ). Recall that the second Hankel determinant is given by
Zaprawa [28] investigated the Hankel determinant H 2 (3) for several classes of univalent functions. The estimate of the upper bound of the third order Hankel determinant, which is given by
requires the sharp bounds of the initial coefficients (a 2 , a 3 , a 4 and a 5 ), Fekete-Szegö functional, second Hankel determinant H 2 (2) and the quantity |a 4 − a 2 a 3 | =: L. Using triangle inequality in (1.4), the upper bound of |H 3 (1)| can be obtained as follows:
(see [12, 21, 25, 27] [14] , which yields the sharp results in most of the cases. Kwon et al. [15] improved the estimate of the third Hankel determinant for starlike functions. Recently, Kowalczyk et al. [10] obtained the sharp bound of |H 3 (1)| for the class T (α) := {f ∈ A : Re(f (z)/z) > α, α ∈ [0, 1)} and in [11] establish the sharp bound of the same for the class of convex functions. Zaprawa [26] estimated the sharp bound of |H 2 (3)| for the class of typically real functions. Note that these are the only three (as per the knowlegde of the authors) sharp bounds of |H 2 (3)| and |H 3 (1)| proved for any subclass of analytic functions till date.
For the class SL * , the known upper bound for |H 3 (1)| is 43 576 (see [21] ), whereas in this paper, we obtain a sharp estimate for the same which is equal to 1 36 . Further, we find the sharp bound of the second Hankel determinant H 2 (3) for the class SL * . Also, we estimate the sharp bound of the quantity |a 2 3 − a 5 | for the class SL * , which is the Zalcman functional, given in (1.1), when n = 3. In the last section, we establish few results pertaining to the sufficient condition for the functions in S to belong to the class SL * .
The following lemmas are required for the formulae of p 2 , p 3 [17] and p 4 [14] in order to establish our main results. Lemma 1.1. Let p ∈ P and of the form 1 + ∞ n=1 p n z n . Then
and
for some ρ, γ and η such that |ρ| ≤ 1, |γ| ≤ 1 and |η| ≤ 1.
[20] Let a, b, c and d satisfy the inequalities 0 < c < 1, 0 < d < 1 and
If p ∈ P, then |ap 4 1 + dp
Main Results
We proceed with the following theorem.
Then we have
The bound is sharp.
Proof. Let f ∈ SL * then from [20, 
On simplifying the equation (1.4), we get
Since the class P is invariant under the rotation, the value of p 1 lies in the interval [0, 2]. Let p := p 1 and substituting the above values of a ′ i s in (2.4), we have
Using the equalities (1.5)-(1.7) and upon simplification, we arrive at
Where ρ, η, γ ∈ ∆,
Further, by taking x := |γ|, y := |η| and using the fact |ρ| ≤ 1, we have
where
Now we need to maximize G(p, x, y) in the closed cuboid S :
We establish this by finding the maximum values in the interior of the six faces, on the twelve edges and in the interior of S. I. First we proceed with interior points of S. Let (p, x, y) ∈ (0, 2)×(0, 1)×(0, 1). In an attempt to find the points where the maximum value is attained in the interior of S, we partially differentiate equation (2.5) with respect to y and on algebraic simplification, we get ∂G ∂y
For the existence of the critical points, y 0 should lie in the interval (0, 1), which is possible only when
Now, we find the solutions satisfying both the inequalities (2.6) and (2.7) for the existence of critical points. Let g(x) := 16(8 − x)/(59 − 4x), which is decreasing function of x as g ′ (x) is negative for x ∈ (0, 1). Hence min g(x) (x=1) = 112/55. Thus from equation (2.7), we can conclude that p > 1 for all x ∈ (0, 1). But for p ≥ 1, the inequality (2.6) does not hold as it is not difficult to see
for all x. This shows that there does not exist any solution satisfying both the inequalities (2.6) and (2.7). Hence the function G has no critical point in (0, 2) × (0, 1) × (0, 1). II. Here we consider the interior of all the six faces of the cuboid S.
On the face p = 0, G(p, x, y) reduces to
We note that h 1 has no critical point in (0, 1) × (0, 1) since
On the face p = 2, G(p, x, y) reduces to
On the face x = 0, G(p, x, y) reduces to G(p, 0, y), given by
where p ∈ (0, 2) and y ∈ (0, 1). We solve A numerical computation shows that the solution of (2.14) in the interval (0, 2) is p ≈ 1.39732. Thus h 2 has no critical point in (0, 2) × (0, 1).
On the face x = 1, G(p, x, y) reduces to On the face y = 0, G(p, x, y) reduces to
A computation shows that
A numerical computation shows that there does not exist any solution for the system of equations 
Proceeding on the similar lines as in the previous case for face y = 0, again there is no solution for the system of equations 
Once again, by using the equation (2.8), we get G(0, x, 0) = s ′ 5 (x) := −(x 2 − 2)/64. Performing a simple calculation, we get s ′ 5 (x) = 0 for x =: x 0 = √ 2/ √ 3 and for 0 ≤ x < x 0 , s 5 is an increasing function and for x 0 < x ≤ 1, it's a decreasing function. Thus, it attains maximum value at x 0 . Hence
In view of the cases I-III, the inequality (2.1) holds. Let the function f : ∆ → C be as follows
The sharpness of the bound |H 3 (1)| is justified by the extremal function f given by (2.16), which belongs to the class SL * . For this function f , we have a 2 = a 3 = a 5 = 0 and a 4 = 1/6, which clearly shows that |H 3 (1)| = 1/36 using equation (2.4) . This completes the proof.
We now estimate the bound for the Hankel determinant H 2 (3).
Theorem 2.2. Let f ∈ SL
* . Then we have
The result is sharp.
Proof. We proceed here on the similar lines as in the proof of Theorem 2.1. Now, substituting the equalities (2.2)-(2.3) in (1.3) and with the assumption p 1 =: p ∈ [0, 2], we get
Using the equalities (1.5)-(1.7) and simplifying the terms in the expression (2.18), we get
where ρ, η and γ ∈ ∆,
By taking x := |γ|, y := |η| and using the fact |ρ| ≤ 1, we get
In order to complete the proof, we need to maximize the function F (p, x, y) in the closed cuboid
For this, we find the maximum values of F in T by considering all the twelve edges, interior of the six faces and in the interior of T . I. We proceed with interior points of T . Let us assume (p, x, y) ∈ (0, 2) × (0, 1) × (0, 1). To determine the points where the maximum value occur in the interior of T , we partially differentiate equation (2.19) with respect to y and we get ∂F ∂y
Now, y 1 should lie in the interval (0, 1) for the existence of the critical points. Thus, we have
We try to find the solutions satisfying both the inequalities (2.20) and (2.21). Let us assume g(x) := 16(8 − x)/(41 − 4x), which is decreasing function of x due to the fact that g ′ (x) is negative for x ∈ (0, 1). Therefore min r(x) (x=1) = 112/37. This implies p > 1 for all x ∈ (0, 1) using equation ( On the face x = 0, The numerical computation shows that the solution of (2.27) for p ∈ (0, 2) is p =: p 0 ≈ 1.35957. Thus k 2 has no critical point in (0, 2) × (0, 1). On the face x = 1,
To attain maximum value of k 3 , we solve ∂k 3 /∂p = 0 and get critical point at p =: p 0 ≈ 1.39838. Simple calculation shows that k 3 attains its maximum value ≈ 0.00576045 at p 0 . On the face y = 0,
A complex computation shows that
The numerical computation shows that there does not exist any solution for the system of equations 
Proceeding on the similar lines as in the previous case on the face y = 0, again, the system of equations On substituting p = 0 in (2.28), we get F (0, 1, y) = 0. In view of equation (2.23), which is independent of all the variables p, x and y, the value of F (p, x, y) on the edges p = 2, x = 0; p = 2, x = 1; p = 2, y = 0 and p = 2, y = 1, respectively, is given by 
